This paper extends the classical Samuelson's multiplieraccelerator model for national economy. Under this new approach, we introduce some kind of memory into the system. Actually, we assume that total consumption and private investment depend upon the national income values. Then, delayed difference equations of third order are employed to describe the model, while the respective solutions of third order polynomial, correspond to the typical observed business cycles of real economy. Stability conditions are investigated while numerical examples provide further insight and better understanding.
Introduction
Keynesian macroeconomics inspired the seminal work of Samuelson (1939) , who actually introduced the business cycle theory. Although primitive and using only the demand point of view, the Samuelson's prospect still provides an excellent insight into the problem and justification of business cycles appearing in national economies. In the past decades, other models have been proposed by other researchers [2, 3, 7-9, 10, 11, 12, 14] . All these models use mechanisms involving monetary aspects, inventory issues, business expectation, borrowing constraints, welfare gains and multi-country consumption correlations. Some of the previous articles also contribute to the discussion for the inadequacies of Samuelson's model. The basic shortcoming of the original model is: the incapability to produce a stable path for the national income when realistic values for the different parameters (multiplier and accelerator parameters) are entered into the system of equations. Of course, this statement contradicts with the empirical evidence which supports temporary or long-lasting business cycles. In this article, we propose a generalization of the typical model incorporating delayed variables into the system of equations. The proposed modification succeeds to provide a more comprehensive explanation for the emergence of business cycles while also produce a stable trajectory for national income.
The Model
The original version of Samuelson's model is based on the following assumptions: Assumption 2.1. National income T k at time k, equals to the summation of three elements: consumption, C k , private investment, I k , and governmental expenditure G k
Assumption 2.2. Cosumption C k at time k, depends on past income (only on last year's value) and on marginal tendency to consume, modeled with a, the multiplier parameter, where 0 < a < 1,
Assumption 2.3. Private investment at time k, depends on consumption changes and on the accelerator factor b, where b > 0. Consequently, I k depends on national income changes,
Hence, the national income is determined via the following second-order linear difference equation
Our reformulated (delayed) version of Samuelson's model is based on the following assumptions: Assumption 2.5. National income T k at time k, equals to the summation of two elements: consumption, C k and private investment, I k .
Assumption 2.6. Cosumption C k at time k, is a linear function of the incomes of the two preceding periods. The govermental expentidures in our model are included in the consumption C k . or equivalently
Where P, c 1 , c 2 are constant and
Assumption 2.7. Private investment I k at time k, depends on consumption changes and on the positive accelerator factors b . Consequently, I k depends on the respective national income changes,
or expanding the formula (8) we have,
or equivalently
Hence, the national income is determined via the following high-order linear difference equation
Practical justification for the reformulated model
In this subsection, we provide some practical justification for the new assumptions of our reformulated model. Actually we may state the following arguments:
1. The delayed model (or memory model) is quite interesting from the mathematical point of view. The higher order polynomials produce oscillatory trajectories for the solutions and consequently for the national income values.
2. The 'delay' consept has been also suggested by previous papers. We refer to Chow (1985) who suggests the delayed informationas a tool to explain and support the statistical data of chinese economy for the years 1932-1982.
3. The national accounts of main countries are closing with substantial time delay after the calendar year end. So, the information used in next year's accounts are estimations or closed values from past years.
4. Delayed information may be used in financial projections of national accounts.
5. Consumption may depend not only on current year's experience but also on previous years. Customers remember the level of their income not only of the current year but also from previous years. So, they adjust their behaviour accordingly.
6. Private investment may also consider the level of national economy of previous years. An investor keeps in mind not only the current level of economy but the time sequence and the corresponding trajectory of national economy all the recent years.
Stability investigation
Consumption C k , depends only on past year's income value while private investment I k , depends on consumption changes within the last two years and governmental expenditure G k , depends on past year's income value. he national income is then determined via the following thirdorder linear difference equation,
By investigating the stability of the above equation we arrive at the following theorem.
Theorem 3.1. Consider the equation (11) . Then for
is asymptotically stable if and only if
and
Proof. The solution of the equation (11), is given from
Where T h k is the solution of the homogeneous difference equation
(17) Since s e = P 1−c1−c2 , is constant, the stability depends on the solution of (17). The characteristic equation of (17) is 
With C we denote the set of the complex numbers. By means of the bilinear transformation
the open disc (19) is transformed into the open half complex plane w ∈ C : Re(w) < 0
Hence by applying the transformation (20) in (18) we get the polynomial
Since it is usually not necessary to find the exact solution when the response is unstable, a simple procedure to determine the existence of roots with negative real parts is needed. Routh's criterion is a simple method of determing the number of these roots. The coefficients of w's and all powers from w 3 to w 0 must be present in the characteristic equation. A necessary but not sufficient condition for stable roots is that all coefficients in (22) be positive. If any coefficients are zero or if all the coefficients do not have the same sign, then there are pure imaginary roots or roots with positive real parts and the equation is not asymptotically stable. Thus
The coefficients of the characteristic equation are arranged in the pattern shown in the first rows of the following Routhian array. These coefficients are then used to evaluate the rest of the constants to complete the array.
The constants A, B, C, D are defined as follows:
Routh's criterion states that the number of roots of the characteristic equation with positive real parts is equal to the number of changes of sign of the coefficients in the first column, see [8] [9] [10] . Therefore, the difference equation is stable if all terms in the first column have the same sign. Since A, B, F are positive, thus [6] , the first method is more simple and straightforward.
Controllability and state feedback
In this section we introduce concepts and results of linear control theory for time invariant linear discrete state equations. We investigate the special case in which the the parameter P is fully controllable, i.e. P=P k
27) By adopting the following notation
(28) the equation (27) takes the form
Where
This is a linear discrete time control system with input vectorP k . Linear control involves modification of the behaviour of a given system by applying state feedback. The state feedback replaces the inputP k bȳ
and the system takes the form
The basic problem is that of choosing a state feedback K such that the resulting (closed loop equation) is stable.
The stabilization in the time invariant case is via results on eigenvalue placement in the complex plane. In our situation eigenvalues of the closed loop system are specified to have modulus less than unity for stability. We can state the following theorem:
Theorem 4.1. Let the system
as given in (37), then there exists a state feedback law of the formP
such that the eigenvalues of the closed loop system can be assigned arbitrarily as µ 1 , µ 2 , µ 3 .
Proof. It is known that the above problem always has a solution if and only if the system is completely controllable. The necessary and sufficient condition for complete controllability is that
the system (29) is controllable with state feedback of the formP
where
Then the closed loop system is of the form
with characteristic equation
If we have µ 1 , µ 2 and µ 3 as eigenvalues of the closed loop system then
or equalently
and thus the matrix K takes the values
The proof is completed.
Numerical Examples: System design and practical implications
We provide indicate numerical examples using typical values for the basic parameters c 1 and c 2 of the model. Actually we assume that
Consider the difference equation (11), we may determine the value of b parameter such that the system is stable, i.e. in order to obtain asymptotic stability in the system of national economy. So, we use conditions of theorem (3.1) the given values for c 1 and c 2 and we desire boundary values for parameter b. Thus we obtain
• From condition (12), b < 1.75
• Condition (13) is satisfied for every b > 0
• From condition (14) we get −3.168 < b < 1.71
By combining the above results and taking into account that b > 0 we arrive at tha result that the unique equilibrium s e = P 0.2 + 0.4b is asymptotically stable if and only if
Hence, we may choose b=1 in order to achieve asymptotic stability. The equation (11) takes the form
Then the unique equilibrium is
and solving equation (36) we obtain the respective solutions
where g 1 , g 2 and g 3 constant.
Now, we can further design the value for parameter b targeting to a high speed response system. The speed of the system's response is basically characterized by the maximum value r of the following set r = max {|r 1 | , |r 2 | , |r 3 |}
where r 1 , r 2 and r 3 are the roots of the respective characteristic polynomial We notice that as b approaches the value 1.71, r approaches the value 1. So for b = 0.7 ± the system is stable and returns very fast to initial conditions.
Conclusion
Closing this paper, we may argue that it is not only a theoretical extension of the basic version of Samuelson's model, but also a practical guide for controlling the parameters of national economy system. The paper investigates the stability conditions of third order equations producing analytical conditions and solutions. These conditions enable the decision makers to adjust govermental expenditure such that to obtain stable trajectories for national income values. Further research is carried out for even higher order equations investigating qualitative results.
